Exact and approximate solutions of the initial-boundary value problem for the Korteweg-de Vries equation on the semi-infinite line are found. These solutions are found for both constant and time-dependent boundary values. The form of the solution is found to depend markedly on the specific boundary and initial value. In particular, multiple solutions and nonsteady solutions are possible. The analytical solutions are compared with numerical solutions of the Korteweg-de Vries equation and are found to be in good agreement.
Introduction
THE Korteweg-de Vries equation forms one of a group of equations governing nonlinear dispersive wave motion which are solvable on the infinite line by the technique of inverse scattering (see e.g. Newell, 1985) . In particular, inverse scattering allows the solution of the initial value problem for the Korteweg- 
J
The solution of (1.2) was reduced to the solution of a nonlinear singular integrodifferential equation for the scattering data, this equation being difficult to solve in general. To enable a simple inverse scattering solution to be obtained, Camassa & Wu (1989) used an alternative approach which required values of u x and u^ at x = 0. However, these values are not known a priori. These initial-boundary value problems form a physically important class of problems. For example, the problem (1.2) models the generation of waves in a shallow channel by a wave-making device. An alternative approach to finding solutions of (1.2) is to use approximate methods of solution of the Korteweg-de Vries equation. In the present work, modulation theory as applied to the Korteweg-de Vries equation by Whitham 247 (1965 by Whitham 247 ( , 1974 will be used. Smyth (1987) used modulation theory to construct a solution of (1.2) in the special case when Uj = 0 and w b >0 and constant. This modulation theory solution was a partial undular bore. A partial undular bore is a modulated cnoidal wave with waves of modulus m = 1 at its leading edge, so that the leading edge is basically solitons, and waves of modulus m o > 0 at x = 0. The boundary condition in (1.2) is satisfied in the mean. This solution was found to be in good agreement with the numerical solutions of Chu et al. (1983) . An important feature of the solution was that a steady state did not form, but that waves were continuously generated at x = 0, these waves propagating away from x=0.
In the present work, solutions of (1.2) for u, ¥=0 and u b = u b (t) , with u b both positive and negative, will be found. The form of the solution will be found to depend markedly on u, and u b (see Fig. 1 ). In particular, depending on the values of «j and u b , the solution can either approach a steady state or remain unsteady. Also, for certain values of u, and u b both steady and unsteady solutions are theoretically possible. Numerical evidence shows that, in these cases, the steady-state solution is the one attained. An extension of the modulation theory solution of Smyth (1987) is used to construct the solution of (1.2) for one of the cases when the solution remains unsteady. Both the steady and unsteady solutions are found to be in good agreement with numerical solutions of (1.2). A simple approximation to the unsteady solution as a train of solitons is also made. This is found to be a reasonable approximation for small u b -u, which only breaks down as the soliton amplitude increases owing to the neglect of u x and u^ at x = 0.
Steady boundary conditions
In this section, we consider the initial-boundary value problem for the Korteweg-de Vries equation (1.2) with u b and u t both constant. Previous consideration of (1.2) has centred on the special case of u b > 0 (both constant and time dependent) and u t = 0. Chu et al. (1983) produced numerical solutions for this special case which showed the development of an unsteady wavetrain in x > 0 which consisted of soliton-like waves, while Camassa & Wu (1989) used inverse scattering to obtain an approximate solution. Smyth (1987) used modulation theory for the Korteweg-de Vries equation to develop a solution for constant u b > 0 and u, = 0, this solution being a partial undular bore with solitons at the leading edge and cnoidal waves of modulus m 0 (>0) at the trailing edge at x = 0.
In this work, we place no restriction on the values of u b and u, and find a rich variety of solution types occurring in the u b versus u { plane (see Fig. 1 ). Each type of solution will be explained in turn and compared with the numerical solution of (1.2). The finite-difference scheme of Vliengenthart (1971) is used to calculate the numerical solutions.
Modulation Theory
The Korteweg-de Vries equation on the infinite line -oo<x<<» has the well-known periodic wave solution In the linear limit m-»0, we have a-*0 with aim-*\k}. The cnoidal wave solution (2.1) is a very special solution of the Korteweg-de Vries equation. In general, the wavenumber, frequency, amplitude, and mean height of a wavetrain can vary. Modulation theory has been developed (Whitham, 1974) to determine equations for the wavenumber, frequency, amplitude, and mean height of a slowly varying wavetrain. Smyth (1987) (Whitham, 1965 (Whitham, , 1974 
where ^ is the mean height, a is the amplitude, and K(m) and E(m) are complete elliptic integrals of the first and second kinds of modulus squared (parameter) m respectively. The above modulation equations describe the evolution of a cnoidal wave whose amplitude a, mean height /3, and wavenumber k are slowly varying. The phase velocity U and wavenumber k are given by
The modulation equations (2.7) have a simple wave solution, first found by Gurevich & Pitaevskii (1974) and Fornberg & Whitham (1978) , which is an expansive fan on the characteristic Q. The Riemann invariants associated with the other characteristics, R and P, remain constant throughout the simple wave, while the properties of the simple wave vary throughout the fan of Q characteristics. The simple wave solution is
where fi is the mean height, a is the amplitude of the wavetrain, and A and B are constants determined by the boundary conditions. This solution represents a modulated cnoidal wavetrain (often referred to as an undular bore because it links together two different mean levels), where at the front of the bore (where m = 1) P = A and solitons of amplitude 2{B -A) occur, while at the rear of a full bore (where m = 0) 6 = B and sinusoidal waves of zero amplitude occur. The characteristics P propagate from the front of the bore and the Riemann invariant on these characteristics is 2A, while the characteristics R propagate from the rear of the bore and on these characteristics the Riemann invariant is 2B. From (2.9), we see that we require B >A for the solution to be valid, which means physically that the mean level increases on the passage of a bore. This simple wave solution is used to construct a solution of (1.2). From the boundary and initial conditions, we see that the appropriate boundary conditions for the simple wave solution (2.9) are /3 = Uj at m = l, P = u b at m=m 0 (2.10)
When the slope of the characteristic at the trailing edge of the bore (when m = 0) is positive, a full undular bore occurs which propagates forwards. In this case, m 0 = 0, and, since /3 = A at the leading edge and 8 = B at the trailing edge of a full bore, we set A = u ( and B = u b to satisfy the initial and boundary conditions. Alternatively, a partial undular bore occurs (with modulus m 0 =£ m =s 1) if some of the characteristics in the simple wave have negative slope, as only forward propagating waves occur for (1.2). The solution for the full undular bore, which occurs if
From (2.12), we see that we require u b >u t for a physically valid solution. Taking the m = 0 limit for the characteristic slope x/t in (2.12), it can be found that we require 2u,>u b for this trailing characteristic to have positive slope, so that a full undular bore results. Taking the opposite limit m = 1 in the characteristic slope in (2.12), it can be found that we require 2u b + u { > 0 for the slope of this leading characteristic to be positive. Since we require 2M S -u b >0 and 2« b + u, > 0, we see that for (2.12) to be valid we have the restriction u t > 0. It was noted above that u b >u, for the solution (2.12) to be physically valid. Combining these inequalities, we have that the full undular bore solution (2.12) is valid in the region 0<\u b <u t <u b of the (u h u b ) plane.
Let us now consider the case of a partial undular bore. Since /3 = A at the leading edge of a bore, whether full or partial, we set A = u, in (2.9) to satisfy the initial condition. The solution for the partial undular bore, which occurs if
where B and m 0 are the solutions of Equation (2.15a) results in /3 = u b at JC = 0, while (2.15b) causes the slope of the trailing characteristic of the expansion fan to be zero, and hence for this trailing characteristic to lie on the boundary x = 0. The set of algebraic equations (2.15) is solved numerically for given M b and u,. For a full undular bore, \u h < u,, so that the characteristic slope x/t in the m = 0 limit propagates forward. For a partial undular bore, we require that the characteristic slope in this limit propagates backwards; hence \u b >u, is required. In addition, for a physically valid solution B>u,, which combined with (2.15a) gives w b > "i (because the term in large brackets in (2.15a) lies between 0 and 1). These are the regions of validity in the u b versus u, plane as given in (2.13). If m 0 -»0, then (2.15) gives u b -*B and Wj-»|u b , which is just the full undular bore described above. Smyth (1987) considered the special case U| = 0, for which m o = 0-64 and B = 109UJ. This represents a partial undular bore with solitons of amplitude 2-QQu, at the leading edge and cnoidal waves of modulus squared m = 0-64 and amplitude l-33«i at the trailing edge x = 0.
As Mj -* -oo, for fixed u b , m 0 -• 1 and B-*<*>. Hence this limit represents a train of solitons of infinite amplitude. As m 0 -* 1, (2.15) gives the solution u b -*u t and B-*-\u-,. Hence this limit represents a train of solitons with finite amplitude (a = - §Uj and u { <0). The two special cases involving trains of solitons do not, however, occur in practice (see Section 2.5 for details of the physically realized solution), as the lead characteristic of the undular bore has x/t-*0 (in the limit m = 1). Hence the generation time of the soliton train becomes very large and in practice is not generated at all (see Fig. 1 for details of this region). Figure 2 shows the numerical solution of (1.2) for u b = 0-2 and Mj = 01 at t = 60. Also shown is the envelope /3 + a, which is the prediction of the modulation theory solution given in (2.12). There is an excellent comparison except near the lead soliton, where a slight difference exists. 
Train of Solitons
It was shown in Section 2.1 that the modulation theory solution of (1.2) for u b > 0 and u b > u ; consists of a modulated cnoidal wave with modulus m varying between m 0 and 1. Now, for u, = 0, we have m o = 0-64, so as a simple approximation, we may take the wavetrain to be a train of solitons, for which m 0 = 1. A similar approximation was used by Grimshaw & Smyth (1986) to analyse the wavetrain generated by the resonant flow of a fluid over topography. Let us therefore assume that the solution of (1.2) at time t consists of N uniform solitons of amplitude a and spacing h.
The mass and energy conservation equations for the Korteweg-de Vries equation are
respectively. Integrating these equations gives We thus see that the integrals in (2.18) and (2.19) are
Jo Equations (2.18) and (2.19) involve the values of u x and u^ at x = 0, which are not known a priori, but are determined as part of the solution. To use (2.18) and (2.19) to determine the amplitude a of the solitons, estimates of u x (Q, t) and M«(0, /) need to be made. We shall assume here that M^(0, t) = u^(0, t) = 0. It is expected that this will be a reasonable assumption for u b -u, not too large. The same approximation was made by Camassa & Wu (1989) so that inverse scattering as applied to (1.2) yielded solutions in a simple manner. Using this assumption, we find from (2.18), (2.19), and ( on using (2.18) and (2.21).
Since a >0, the amplitude expression (2.22) is valid for u b >Uj and u b > -Uj. We furthermore require that the soliton speed U>0. From (2.22) and (2.23), it can be shown that U > 0 for u b > u, and u b > -u t . The modulation theory solution of Section 2.1 was found to be valid for u b > 0 and u b > u K . The limit u b = u h for which a = 0 according to both (2.12) and (2.22), is then the same for both solutions. However, the limit u b -* -u, for (2.22), for which a-*<x>, does not agree with the modulation theory solution. It can be found from (2.15) that, as U; becomes more negative, the amplitude of the modulated cnoidal wave increases. The assumption made above that u x (0, t) and u«(0, t) are negligible then becomes less valid. If better estimates of u x (0, t) and u^O, t) for u, < 0 could be made, then the agreement between the modulation theory solution and the present soliton approximation would be better. Figure 3 shows the soliton amplitude versus u { for u b = 0-2. Compared are the soliton theory solution ( ), modulation theory ( ), and numerical results for ~2"b *= u i ^ u b-This corresponds to the region where an undular bore (full or partial) occurs; for u ; <-^u b the steady-state sech 2 solution will occur (see Fig. 1 and Section 2.5). Throughout most of the region, a good comparison is obtained between all three solutions. As Mj -• -u b though, the soliton theory predicts an amplitude which goes to infinity, which is inaccurate due to the neglect of u z (0, t) and u^(0, f)- 
Mean Height Variation
The solution of (1.2) will now be found for the portion of the u b versus u, plane for which 0 =s u b < u t . This solution is found to consist of a mean height variation with no oscillatory component and was first obtained by Fornberg & Whitham (1978) . They considered the special case u b = 0 and found an approximate solution by ignoring the dispersive term in the Korteweg-de Vries equation. This was done because from numerical evidence there were no oscillations in the solution. The difference between the mean height variation considered here and the solution of Section 2.1 is that here the solution has no waves: it is just a variation in /3.
The mean height variation solution can be derived in two ways. The first, which was the method used by Fornberg & Whitham (1978) , is to ignore the dispersive term in the Korteweg-de Vries equation. We consider the solution of u,+ 6uu x = 0, (2.26) subject to the boundary conditions of (1.2). This has solution The solution (2.27) can also be derived from the modulation equations (2.7) when the amplitude a^O. In this case, the modulation equations reduce to the single equation dbc P = const on -= 6/3, (2.29) at which has solution (2.27). Figure 4 shows a comparison of the numerical solution of (1.2) ( ) and the solution (2.27) (x) for « b = 0-l and U| = 0-3. There is a slight variation between the numerical solution and (2.27) which occurs because (2.27) has discontinuous derivatives at x/t = 6u b and 6u t . These derivatives are smoothed out in the numerical solution by the dispersive term u rrr .
An Airy Function Solution
The solution considered here is valid in the region Hi>0 and u b <0, (2.30) and is related to the similarity solution of the Korteweg-de Vries equation (see Rosales, 1978) . and cannot satisfy the time-independent boundary condition of (1.2) at x = 0. However, if (1.2) is linearized, then a similarity solution which satisfies the boundary condition of (1.2) can be found. This linearization is valid for u { -u b small.
We thus consider 34) subject to the transformed boundary conditions.
The solution of (2.34) is It can be seen that this is a good approximation for small U| -u b , in which case the nonlinear term is not important. The solution of (1.2) for u t > 0 and u b < 0 when u, -u b is not small is not clear. As stated above, the nonlinear similarity solution of Rosales (1978) , which was of the form (2.31), is not valid as it cannot satisfy the boundary condition at x = 0. Furthermore, a nonlinear similarity solution is not a solution of (1.2) owing to the term uu x . 
Solutions Involving Hyperbolic Functions
In the region u,<0 and u b «-2u t , exact steady solutions to (1.2) can be found. These solutions are The modulation theory solution in this region is essentially a train of solitons (as m 0 is near 1). Numerical experimentation shows that the steady sech 2 solution occurs in this region (i.e. (2.39)) rather than a train of solitons. If a train of solitons in x>0 is used as an initial condition for the numerical solution, it is found that this train of solitons propagates to infinity, leaving the steady solution (2.39). The modulation theory solution is then unstable in some sense in the region (2.41).
Time-dependent boundary conditions
In this section, we consider the solutions to (1.2) when u b is a function of time. Chu et al. (1983) considered the numerical solution of (1.2) for Uj = 0 and u b corresponding to a trapezoidal function, i.e. u b is turned on at f = 0, linearly increases to a maximum, then decreases linearly to zero where it is turned off. Their numerical solution for this boundary condition consisted of a train of waves of decreasing amplitude. Camassa & Wu (1989) produced numerical solutions for the trapezoidal u b (f) and for an exponentially decaying u b (t). They also calculated an inverse scattering solution for the soliton amplitude. This inverse scattering solution was found to be approximate (within 20%) because u x and u M had to be estimated at x = 0 and because the boundary condition at x = 0 was incorporated as a time-averaged quantity. In particular, they did not obtain good agreement for small-amplitude solitons.
We shall develop an approximate solution of (1.2) for boundary conditions u b which are functions of t. For comparison with numerical solutions, we shall use the decreasing u b given by where u 0 and a are constants. We obtain a theoretical approximation to the solution of (1.2) by considering the soliton (m-• 1) limit of the modulation equations for the Korteweg-de Vries equation. We hence assume that the solution is approximately a train of solitons (which is a good approximation for Ui«0asm o > 0-64) and that the solution is slowly varying, which is a reasonable assumption if u b (t) is slowly varying. In this limit, the modulation equations (2.7) are, from Whitham (1974: p. 573 
The system (3.2a, b) comprises two parabolic equations which can be solved by the method of characteristics since (3.2a) can be solved independently of (3.2b). The solution is
3) at
where A is constant on a characteristic. This is the solution for a soliton of amplitude a on a background depth of zero. In general, the background depth is Wj , in which case the solution (3.3) is rescaled to a = const, -=-2ka x along x = (2a + 6ujt + A. (3.4) at To determine the solution (3.4) fully, the values of a and k at x = 0 are needed. These values cannot be obtained directly from the boundary condition in (1.2). However, the soliton approximation of Section 2.2 can be used to give these values. If we assume that a soliton is created at x = 0 with an amplitude given by the value of u b at its time of creation, then this amplitude is given by (2.22), with k given by (2.24). This approximation to the values of a and k at x = 0 will be valid if u b (0 is slowly varying. For a constant boundary condition, we see from so for the slowly varying boundary condition (3.1) we let (3.5) be the soliton amplitude at x = 0. Hence, at x = 0 and t = x, (2u 0 + Mi + au.x) (u Q -u, -au.x) / 1 \ and (3.6) a n / w 1 \ *
(1 + ar)(u o + u,+ OU|T) Substituting the expression (3.6) for A into (3.4), we find that x is determined in terms of x and t by for the boundary condition (3.1). In general, (3.7) can be expressed as a cubic polynomial for x. For the special case in which u x = 0, (3.7) can be solved to give 
(0<x<4u o t).
(3-9) Figure 8 shows the numerical solution of (1.2) for u b = 0-3/(1 + fat) and u x = 0 at t = 70. Also shown is the wave envelope u, + a from our approximate theory (3.7) and (3.8). There is an excellent agreement between the numerical solution and the approximate theory. Figure 9 shows the numerical solution of (1.2) for u b = 0-15(1 + i0 and u, = 0 at t = 80. Here we have a boundary condition at x = 0 which is increasing the soliton amplitude. Once the solitons of large amplitude are generated, they overtake the solitons in front of them (since they have lower amplitude and hence lower velocity). Solving the system (3.2a, b) for this increasing boundary condition, we find that the characteristics cross. This corresponds to the interaction and overtaking of the solitons, and so fitting in a shock to resolve the intersection of the characteristics would not be valid in this case. If a non-slowly-varying boundary condition u b (t) which tends to zero as t ->oo is used for the numerical solution of (1.2), for example (3.1) with a = O(l), then it is found that the solution u rapidly tends to u = 0.
